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Abstract. The process of eTe™ annihilation into a 777~ pair with radiation of a photon is considered. The

amplitude of the reaction eTe™ — 77~y consists of the model independent initial-state radiation (ISR)
and model dependent final-state radiation (FSR). The general structure of the FSR tensor is constructed
from Lorentz covariance, gauge invariance and discrete symmetries in terms of the three invariant functions.
To calculate these functions we apply chiral perturbation theory (ChPT) with vector and axial-vector
mesons. The contribution of the ete™ — 777~ process to the muon anomalous magnetic moment
is evaluated, and results are compared with the dominant contribution in the framework of a hybrid
model, consisting of VMD and point-like scalar electrodynamics. The developed approach allows us also

to calculate the 777~ charge asymmetry.

PACS. 12.20.-m; 12.39.Fe; 13.40.-f; 13.66.Bc

1 Introduction

The cross section of electron—positron annihilation into
hadrons, ete™ — hadrons, is crucial for the evaluation
of the hadronic contribution to the anomalous magnetic
moment (AMM) of the muon al*! and is at present one
of the main sources of theoretical uncertainty in the value
of AMM [1]. In order to resolve the existing deviation of
the experimental and standard model prediction values of
AMM, the corresponding hadronic contribution is needed
with very high accuracy, better than 1%. This is espe-
cially important in view of a new E969 experiment, which
is expected to measure AMM about three times more ac-
curately than now [2].

The hadronic contribution to AMM cannot be reli-
ably calculated in the framework of perturbative QCD,
because the low-energy region dominates, and one usu-
ally resorts to dispersion relations, where the experimen-
tal total cross section is the input. Experimentally, the
energy region from threshold to the collider beam energy
is explored at the @-factory DAPNE (Frascati) [3] and B-
factories BaBar (SLAC) and Belle (KEK) [4,5] using the
method of radiative return [6-8]. In spite of the loss in the
luminosity, this method potentially may have advantages
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in systematics over the more traditional direct scanning
measurements performed at different CM energies, such
as experiments on VEPP-2M (Novosibirsk) [9] and BES
(Bejing) [10].

The radiative return method relies on a factorization
of the eTe™ — hadrons + v cross section in the product
of the hadronic cross section o(eTe™ — hadrons) taken at
a reduced CM energy and a model independent radiation
function known from quantum electrodynamics (QED) [8,
11,12]. This factorization is valid only for photon radia-
tion from the initial leptons (initial-state radiation (ISR)).
The additional contribution from photon radiation off the
final hadrons (final-state radiation (FSR)) is model depen-
dent and becomes a background in the radiative return
scanning measurements. That is why the problem of the
separation of ISR and FSR has become quite important.

Different methods have been suggested to separate ISR
and FSR contributions for the dominant hadronic channel
at low energies — mainly the pion pair production process

e (p1) + et (p2) = 7 (py) + 7 (p-) +(k). (1)

One of them is to choose a kinematic set up where the pho-
ton is radiated along the momenta of the leptons (DA®NE
setup, [3,8] and references therein). In these conditions the
FSR contribution is suppressed. If the FSR background
can be reliably calculated in some theoretical model, then
it can be subtracted from the experimental cross section of
the process (1) or incorporated in the Monte Carlo event
generator used in the analysis. Finally, the theoretical pre-
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dictions for FSR can be tested by studying the C-odd in-
terference of ISR and FSR [3,8].

Another and even more important reason why one
should know the FSR cross section is the fact that
the next-to-leading order hadronic contribution az‘"‘dﬁ to
AMM, where an additional photon is attached to hadrons,
is of the order of the present experimental accuracy.

The FSR cross section in the process (1) has been cal-
culated [11,13] in the framework of scalar QED (sQED),
in which the pions are treated as point-like particles, and
the resulting amplitude is multiplied by the pion electro-
magnetic form factor Fi;(s) evaluated in the vector meson
dominance (VMD) model (s is the invariant eTe™ energy
squared) to account for the pion structure. In this model
the contribution of the channel 777~ to AMM is esti-
mated as a7 = 4.3 x 107 [13]. Although sQED in
some cases works well [3,13], it is clear that sQED is a
simplified model of a complicated process, which may in-
clude excitation of resonances, loop contributions, etc. In
view of the above mentioned requirements for the accu-
racy of theoretical predictions, further studies of the FSR
contribution are necessary.

In this paper we consider the ete™ — 777~ reaction
in detail, focusing on FSR. Firstly, we specify the model
independent structure of the FSR amplitude, based on
Lorentz covariance, gauge invariance and discrete symme-
tries. Taking this structure into account we rewrite the
FSR contribution, as well as the interference of ISR and
FSR, in terms of the three scalar functions f; depend-
ing on three kinematical invariants. Secondly, the model
dependent functions f; are obtained in the framework of
chiral perturbation theory (ChPT) with vector p(770) and
axial-vector a1(1260) mesons [14]. In this way f; are ex-
pressed through the several constants entering the ChPT
Lagrangian.

For experimental conditions, in which the cross section
integrated over the full phase space of the two pions is
required, this integration is carried out analytically. We
obtain a general result for the cross section do/dg?d cos @
in terms of the two scalar functions hi 2(g?,s) (¢ is the
invariant mass of the 7 ™7~ pair, @ is the angle between
photon and electron momenta).

We further study the interference of ISR and FSR by
calculating the 77~ charge asymmetry. Finally, the con-
tribution for the 77~ channel to a*d7 is evaluated and
results are compared with sQED predictions.

et (—p2) (k)

This paper is organized as follows. In Sect. 2 the gen-
eral form of the amplitude is considered. The squared and
averaged amplitudes for ISR and FSR, as well as the inter-
ference part are analytically calculated and the structure
of the cross section do/dg?dcos@ is studied. The invari-
ant functions f; in the framework of ChPT are derived
in Sect. 3. Results of calculations and discussion are pre-
sented in Sect.4. In Sect.5 we draw conclusions. In Ap-
pendix A we discuss symmetries of the FSR tensor and
its model independent structure. Appendix B contains the
ChPT Lagrangian and an explicit expression for the FSR
tensor. In Appendix C the Feynman rules needed for eval-
uation of the v* — ~ywt7x~ amplitude are specified. Ap-
pendix D collects the expressions for the scalar functions
h12(q?, s) in ChPT. Some subtle aspects of the kinematics
at low values of ¢ are presented in AppendixE. In Ap-
pendix F the contribution to the FSR tensor and charge
asymmetry from the “anomalous” p — 7y process is cal-
culated.

2 Formalism for ete~™ — w7~ reaction

Reaction (1) is described by the diagrams depicted in
Fig.1. To analyze it we introduce the 4-momenta @ =
p1+p2, ¢ =ps+ +p— and I = py — p_. The amplitude of
the reaction depends on five independent Lorentz scalars,
which can be chosen as follows:

s=Q% =2p - pa,
tr=(p1 —k)> —m?=—2p1 -k,
ty = (p2 — k) —m?Z = —2py - k,

up =1-p1, ug =1-po, (2)
where we neglected the electron mass (m.) in the expres-
sion for s. For further reference note that other invariants
are related to those in (2), for instance, ¢> = s + t; + ta,
P=4m2 —s—t1—ty, ¢-1=0, k-Q=k-q= —%(tl +ia),
kl:Ql:ul—l—uQ

The amplitude of process (1) is the sum M = Migg +
Mpysgr, where Misg (Mrsr) describes the ISR (FSR) pro-
cess:

2

e
— ny
MFSR = s J#MF €

(3)

€ *
MISR = 7?LHVEDIHF7T((]2)’

(b)

Fig. 1. Diagrams describing the e™e™ — 777~ process
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where the lepton currents are given by

LM = i, (—p2)

[ttt o o)
KUs, (pl)’ (4)
Ju - easz(_p2)7;tusl (pl)a (5)

F,(q?) is the pion electromagnetic (EM) form factor, €
is the photon polarization vector and the tensor M%" de-
scribes the photon radiation from the final state. This ten-
sor is considered in detail in Sect. 3 and Appendices A and
B. In (4) and (5) us, (p1) and us,(—p2) are the electron
and positron spinors with normalization @ (p)us(p) =
—Ugs (7p)us(7p) = 2Melggs .

The invariant amplitude squared, averaged over initial
lepton polarizations and summed over the photon polar-
izations!, can be written as

|M|? = |Misr|? + |Mrsr|? + 2Re(Misr Mpggr).  (6)

The expressions for |Misr|?, | Mrsr|? and the interference
part Re(Misr Mjiqr) are given in Sects. 2.1, 2.2 and 2.3.

The differential cross section for the process (1) is writ-
ten in the following form:

1
=—— [ —p- —pyr —k
a 25(2n)5/ (p1+p2—p- —p+t )
Bpy Bp_ BPk—x
— | M|?
2E, 2E_ 2w % )

where p = (E4,p4), p— = (E-,p-) and k = (w =
Ik, k).
2.1 Initial-state radiation

Let us consider first the ISR contribution shown in Fig. 1a.
The amplitude squared can be written as

6
e 1%
|Misr|? = —qj|Fn(q2)\2L,(g)l”l ; (8)
™)
Ly,
@ =t)*+(® —t2)*  2ml¢® 2mlq?] .
B tito 2 t2 m

+ ﬁ,gmg f)ﬁ + ﬁmez ﬁf)
tltg t% 2pu2v tltz t% 1pPlu,

where p1,, = p1, — qu(p1-q)/q* and similarly for pa,,, and
g;u/ = Guv — QMqU/qQ'

If one integrates over the full, unrestricted phase space
of the final pions, the hadronic tensor can be integrated
in the invariant form (see [11])

F q2 2
% /54(171 +p2 = pr —p- = k) Ll
! We use Zpolah 6;6‘7 = ~Ypo-

d*pdip_ q* _
EiEf = (q2)guw (9)

= o
Sm2a?

which leads to the following cross section (“F” stands for
“Full”):

dol(gllL aw ( 2) (10)
S915R _ W
dwd?  2r2s 4
L[t + (P ) 2PmE 2¢°mE

t1ts t2 2 |’

where )
2y Mo 2112
o(q”) = 302 |Fr(q7)]

is the total cross section for efe™ — nt7r—, ¢ = (1 —
4m?2 /q?)3/? and o = €?/4n ~ 1/137 is the fine-structure
constant, df2 = dcosfd¢ and 6 (¢) is the polar (az-
imuthal) angle for the emitted photon. Note that the cross
section does not depend on the azimuthal angle ¢.
Integration over the photon angles leads to the result

dO'I(gl)% ., q2) 20(s% + ¢*)
ag? 75205~ ¢2)

(L-1), L=In-">

mE (11)
In the last equation we used w = (s — ¢?)/2/s and d¢? =
—24/sdw. Note that (11) holds for the full angular phase
space of the photon; another case of the restricted angular
phase space of the photon will be studied elsewhere.

In some cases, due to experimental conditions, the en-
tire phase space of the pion is not available. Then it is not
possible to use (9)—(11). In this situation one has to con-
tract first the hadron and lepton tensors and then carry
out phase space integration. From (8) we obtain the ISR
contribution

_ 466
| Misr|? = —qﬁlFﬁ(qz)FR,

R_mng Xi x5 —xi1(g® —ta) — xa(¢® —t1)
=—TF+
q tyto
2m? 2m?
e - e ) (12
t3 ¢ 51 q?
where x12 = 2p12 - p- = %tl,g — %s — u1,2. Then the

ISR cross section takes the form [12] (“R” stands for “Re-
stricted”)

120(¢*)R o d*kdyy |py|dE dey
s¢  4n? w 2nm E_
x0(2E —w — E, — E_),

R
dUI(SF){ =

(13)

where we introduced the electron (positron) energy E =
v/$/2 in the CM frame. Using the relation

/%6(2E—w—E+—E,)

N / [P [*dey
(2E — w)|p+| + wEy cos b4

(14)
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we obtain the corresponding ISR cross section

dUI(SI% _ 30(¢°) @ w dcose/ Y+ P R|p[*dey
dq2 4E2 TCE A|p+‘ + CE+
) (15)

If w<2E(E —my)/(2E —my) (which, for example, cor-
responds to the values ¢ > 0.16 GeV? at /s = 1GeV)
then we obtain

1
(2E —w)? —w?cos? 0.4

— wcosfy4

x \JAE2(E-w)

Here ¢y = cosf, 04 (p4) is the polar (azimuthal) angle
of the positively charged pion (we take the OZ axis along
the vector p1), and cos 0,4 = kp /|k||p+|. In this energy
region the angle 6., can take arbitrary values (for details
see Appendix E). Other notation can be found in [12].

E, = <2E(E —w)(2E — w)

2—m2[(2E—w)?—w? cos? 97+]>. (16)

2.2 Final-state radiation

The process of photon radiation from the final state is
shown in Fig. 1b, where the dark rhomb denotes the set of
the contributing diagrams. The covariant decomposition

of the FSR tensor M;" can be obtained from Lorentz and
discrete symmetries (Appendix A). This tensor involves
three gauge-invariant structures 7/ and invariant func-
tions f; (i = 1,2,3). The explicit form of the functions f;
in the framework of ChPT is discussed in Sect. 3. In terms

of f; we obtain

6
— e *
|Mpsr|? = ] [a11|f1]* 4 2a12Re(f1 f3) + azalf2]*  (17)
+ 2ag3Re(f2f5) + ass|fs|> + 2a13Re(f1£3)]
1
ayp = *S(t% —‘rt%),

4

2
s
a3z = —5[t1t212 + 2(u1 + ug)(usts + uits)),

é (sl*(ty + t2)?

+ AP [ur®(s® + s(ty + t2) +3)
+ up?(s® + s(ty + ta) +13)

+ 2uquals® + s(ty +t2) — t1t2”)
+ s(uf + u3) (ur + ua)?,

a22 =

1
a1z = 3 (sPP(t1 + t2)® + dus®(s* + sta + £3)

+ duy?(s? + sty +t2)
+ 4u1u2[252 + S(tl + tz) — 2t1t2]) s

S

a3 = ZKUl + ’LLQ)(Stl + sty + t1t2) — ultg — U/Qt%],
S

a93 = Z [—l2(ult§ +U2t%

— (Ul -+ Ug)tth) — 25("&1 + UQ)B
+ 2(U1 + u2)[u12t2 + ’LL22t1 — U1U2(t1 + tg)]] .

In order to obtain the cross section dorpsr we have to
substitute (17) in (7) and integrate over the phase space
of the final particles.

In the case of the full phase space of pions, the inte-
gration can be simplified using the method suggested in
[ 1]. In this case the squared matrix element |Mpgr|? in

(3) can be integrated in the invariant form
/|MFSR|2d p-dp- 54((1 —p-—py)= %J#J;WW_
(18)

Taking into account the conditions WH'Q, =

WH(Q, =0, one can write WH" as

2
WH = hygh + (kQQ)z(in +Q%ha)K'EY + ha Q" Q"
2

where hy 5 are functions of ¢? and Q2.

In the framework of sQED h o were found in [11]
(see also Appendix D). Using (19) we obtain the follow-
ing equations for hi 2 in terms of the functions f; for any
model of FSR :

hg(kj . q)2

X [k D2Ifal2 + (k- Q| fof?
ok (k- Q)Re(faf)]
< (k- QA2 + (k- D2(Q? — 2k - Q)]
2h1 — hoQ?
3, 43
%54@ —py —p- — k)
x {2(k- Q)| f1
+ k- Q)* + (k- 1)X(Q* - 2k- Q)
+2(k - 1)Y)|f2l?
+2[(k - 1)°Q% + (k- Q)*|Re(f1 £3)
—4Q°(k - Q)(k - Re(f113)
—4Q*(k - )°Re(fof3)
+ (k- D?Q +2(k-1)*Q% (k- Q)
—PQ* (k- Q)II fs1} (21)
with @* = s. In AppendixD the explicit form of hy o is
presented in the framework of ChPT.

(20)

Then the cross section dab(};)R /dwd cos 0 takes the form

dal(;?R adw t1to
dwdcos®  4ms? | ' 2sw (hl +sha) (22)

Integrating this equation over the polar angle of the emit-
ted photon we find
F
dO’éS)R _ a3(s —¢?) (2hy —
dg? 24ms3
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If we deal with the restricted phase space we can use
the same arguments which led to (15) in Sect.2.1. Then
the cross section can be written as

dofsh _ [Mrsp? w [ |?
A2~ 325(2m)7 /5 (2B — w)[py | + wEy oy

dy
XT;dc+d cos 6, (24)

where |Mpsgr|? is determined in (17).

2.3 Interference

The interference part of the squared invariant amplitude
|M|? is written in terms of the invariant functions f; and
the pion form factor as follows:

Re(Misr Mrgr)
6
€ * *
= _?qg [AlRe(FTr(QZ)fl) + AQRQ(Fﬂ(q2)f2)
+AsRe(Fr(¢*) f3)] , (25)
where the coefficients A; are
—s2 4 (t —t tit 2442
A1=—2U1<S+(1 2)5+12+5+2>
tq to
—s2 4 (ta —t tit 2442
+2u2<5+(2 1)$Jr12+$+1>7
ta ty
Ay — gt T2’
tito

X [(S(tl — f,g) — tg(tl + tg)) (751

— (s(t2 = t1) = ta(t1 +t2)) us]

l
— @ (u1 [282(t1 — tz)

+ 8(ty 4 t2)(t1 — 3ta) — ta(ty — t2)?]
— U2[282(t2 - tl) + S(tl + tg)(tz — 3t1)
—t1(ta — t1)?])
A3 = —28(f1 — t2)12

t
—4s<u12 <2+S+ 2>
t1

+t to —t
— U22 2+ 5 ! =+ S( 2 1)U1U2 . (26)
t2 t1to

We would like to mention that the cross sections dorsg
and dopsg are symmetric under the interchange of the
7T and 7~ momenta, while the interference term dorgr
is antisymmetric:

dorsr (p4,p-) = doisr(p—, p+),
dowsr (p+,p—) = dorsr(P—, P+ ),

dorrr(p4,p-) = —dowr (p—, P4 )- (27)

Therefore dopr integrated over the symmetric phase
space of the pions (for example, for the full unrestricted

0 / //)U
’WW\M +W===M+M;===M+
\ \ AN
\ \ .

n
n
———— @ ———

Fig. 2. Diagrams for FSR in the framework of ChPT. Dashed
lines depict a pion, wavy lines a photon, double-dashed lines a
p° meson, and dotted lines an a1 meson. The hatched circles
denote the irreducible ymm vertex

phase space) is equal to zero. Other implications of (27)
are considered in the next sections.

For the restricted phase space of pions we have a result
analogous to (24):

dofih _ Re(MispMzgg) w Ip+|?
i 1651 5 (0B —w)lps| T wBrers
de
X T;d@rd cosf. (28)

3 Final-state radiation
in the framework of ChPT

Based on results of Appendix A we can write the FSR
tensor M%” in the form

ME = fir{" + fard" + farh”. (29)

In the framework of ChPT with vector and axial-vector
mesons [14] (see the details in Appendix B) the process
v* — T~y is described at tree level by the diagrams
shown in Fig.2. Using results from AppendixB we find
the invariant functions f; = fi(Q% k- Q,k-1)

fi= 9P LAY, (30)



46 S. Dubinsky et al.: Final-state radiation in electron—positron annihilation into a pion pair

where the f} QED correspond to sQED:
sQED _ 2k - QFW(QQ) (31)
' (k-Q)? = (k-1)*
sqep _ 2P (Q%) SQED _
2 (k-Q)?—(k-1)* ’ ’
and Af; are additional contributions
F2 2F,Gy [ 1 1
Afy = v VIV - L - 9
h M () @
P [y, (e
me D(1)D(-1)
L (@4 k- Q)m; — (@ 117+ 2k- Q)]
8D(l)D(-1) ’
F3 4m? — (Q*+ 1P +2k-Q)
A _ A a
R="pw soopcy
F? k-l
Afs = 4 : 4
Js = Famz 30D () i

Here D(I) = m2 — (Q?*+12+2k-Q+4k-1) /4. The functions
Af; and f} QED obey the same symmetry relations as given
by (A.5) for functions f;. The EM form factor in (31) for
the on-shell pion follows from (B.4):

Gy  Q?

72m-Qr

F(Q*) =1+ (35)

To account for the finite width of the vector meson one
can substitute in (32) and (35)
mz -Q? - mi - Q*—im,I,(Q%), (36)

2 2\ 3/2
— mPGV 2 (1 _ 4m7r> 9(@2 o 47'131—)7

where I',(Q?) is the energy dependent width for the p —
7 decay. In a similar way one can include in (32)—(34)
the width of the decay a; — 3m. The analytical form of
I, (Q?) can be taken from, e.g., [15].

Using the form of f; 2 3 we can find the functions A »
from Sect. 2.2 appearing in the FSR cross section. The ex-
pressions are rather lengthy and are listed in Appendix D.

We would like to mention that the Compton ym — vy
scattering amplitude in the framework of ChPT [14] was
calculated in [16]. Having compared (37)—(40) of [16] with
(32)—(34) of the present paper, we have concluded that
the p meson contributions are equal whereas the a; meson
contributions are different.

In addition to the even-intrinsic-parity contributions
considered above there is an odd-intrinsic-parity part.
The corresponding Lagrangian [17,18] describes processes
which do not conserve intrinsic parity, such as p —
7my. The contribution of the two-step mechanism v* —
pTrT — 7r717~ to the FSR tensor is evaluated in Ap-
pendix F.

Table 1. Masses and coupling parameters of vector and axial-
vector mesons

meson m (GeV) Gy (GeV) Fy (GeV) Fa (GeV)
p 0.775 0.066 0.14 -
ai 1.23 - - 0.122

4 Results of calculation

Table1 lists the parameters of the model. The cou-
plings Fy, F4 are determined from the experimental de-
cay widths [19]: I'(p° — ete™) = 6.85 + 0.11keV and
I'(a; — my) = 640 £+ 246keV, while Gy is fixed from
the width I'(p — wmw) = 150.7 £ 2.9 MeV (we neglect the
chiral corrections here). The pion weak-decay constant is
fr =92.4MeV.

4.1 Charge asymmetry

We will illustrate the results obtained in the previous sec-
tions by considering the charge asymmetry [13]

_ N(65) - N(6_)

A= N(01)+N(6-)

(37)

for “collinear” kinematics in which the hard photon is ra-
diated inside a narrow cone with the opening angle 26,
0y < 1, along the direction of initial electron. We choose
0y = 7°. In these conditions the asymmetry takes the form

R R) 171
e ]

T dg?dey | dg?dey (38)

where we neglected the FSR contribution compared to the
ISR one in the denominator.

The ISR cross section for collinear kinematics was ob-
tained in [12]. We use (26)—(30) of [12], which were derived
in the quasi-real-electron approximation. It is convenient
to rewrite these results as follows:

dojgy _ ma*¢|Fr(¢?)]? a 2
= —P(z,Lg)A
dg?dcy 3q¢2s 2n (2, Lo)A(g, e1),
s? +¢* 24> 502
Pz Lo)= "9 o 4 =
(Z7 O) S(S—q2) 0 S—q27 0 n4mgv
s 122[(1+2)K —(1— 2)eyPU
TR+ 22— (=22
2 2 2
X1 X1 mr q
U==——-=F——+ == 39
s 82 q2 ) 4 s ) ( )
X1 _ z[1+2z—2Kcy + (1 — z)c3]
s (1+2)2—(1-2)22 7

In order to obtain daI(FRI){ /dq?dcy we should integrate
the right-hand side of (28) over ¢ and 6. Since the right-
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q°=0.8 GeV*

1

T T T
40 80 120 160

0,, deg
2 q?=0.6GeV?
14
=
< 01
14
24
40 80 120 160
0,, deg
2_ 2
124 q°=0.4GeV ,
0,8
k=)
T 044
<

40 80 120 160

Fig. 3. Charge asymmetry as a function of pion polar angle
at fixed ¢ for s = 1 GeV?. Here the solid line corresponds to
sQED, the dashed line to the full result in ChPT

hand side has no singularity at the point § = 0 the in-
tegration over ¢, and 6 can be easily done numerically.

In Figs. 3 and 4 we show the asymmetry dependence on
pion polar angle (at fixed ¢?) and on ¢? (at fixed pion polar
angle). It follows from the calculations that the asymmetry
changes sign at about ¢> = 0.5GeV? (see Fig.4). At all
pion angles the difference between sQED and ChPT shows
up only at small values of ¢2, i.e at high photon energies.

The sQED description is adequate for soft photon
emission. It follows from (31)7(34) that at small photon

energies, fSQED ~ l fSQED ~ 2, whereas Af; which
are responsible for the deviation from sQED behave rather
as constants. Only at large photon energies the contribu-
tion from the intermediate a; meson (the last two dia-
grams in Fig. 2) can be sizable, because the denominators
D(l)D(—1) in (32)—(34) approach the a; meson pole with
the photon energy increasing.

For high value of ¢ the difference between the pre-
dictions of sQED and full calculation in ChPT is small.

0,=60°

A*10°

A*10°

T T
0,2 0,4 0,6 0,8 1,0

0,04

-0,44

A*10°

-0,84

. . .
0.2 04 06 08 10
o’, GeV?

Fig. 4. Charge asymmetry as a function of ¢* at fixed pion
polar angle for s = 1 GeV?2. The notation for the curves is the
same as in Fig. 3

For example, at ¢?> = 0.8GeV? and ¢ = 0.6 GeV? it is
less than 1% (the dashed and solid lines in Figs.3 and 4
almost coincide). Taking into account that the asymme-
try itself is less than 1072, the experimental observation
of such deviations in the energy region ¢ > 0.6 GeV? is
problematic.

Additional contribution coming from the process v* —
ptn ¥ — 71~y turns out very small (see Appendix F)
and does not change the above conclusion.

In order to test the calculation we can check that the
asymmetry, integrated over the symmetric phase space of
the pions, vanishes. Since no restriction has been imposed
on the 7~ polar angle we impose no restriction on the 7%
polar angle, i.e. choose 0° < 6,,0_ < 180°. Indeed, the
integrated asymmetry is equal to zero.
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Fig. 5. Differential contribution to a,(,had’w from ete™ —

+

7w w7y, where 7 is the hard photon with energy w > Ecut (up-

per panel). Integrated contribution to a&had’v) as a function of
Ecut for smax = 1.5 GeV? (lower panel). The solid (dashed) line

corresponds to the sQED (full) result

4.2 Contribution from ete™ — 7t7~~ to AMM
of the muon

Now we apply the previous results to the calculation of
ap®7 which arises from the 7+m =~ channel. We should
mention that only the radiation of the hard photon with
the energy w > F.,t is taken into account.

According to [20] a}** can be written in terms of the
dispersion integral

2 e3¢}
had,y _ @ B () ()
a# 37-[:2 am2 (S) (S) S ’
.
o™ T (s)
Y —
R (S) - UH+H7 (S) ) (40)
_ Anta? 2m? 4m?2
Ty (s) = o <1+ #) 1—
3s S s

2?(1 —xz)

K(s) = /0 22 4+ (1 —x)s/m2 dz,

where m,, is the muon mass.

1073

1074

10-11_

10-13_

00 01 02 03 04 05
E_, (GeV)
Fig. 6. Integrated contribution to a"*? as a function of Eeu
for smax = 1.5 GeV2. The notation for the curves is the same
as in Fig. 3

To obtain the cross section 0‘77+7T7”Y(8) we have to in-
tegrate (23) over ¢ from 4m?2 to ¢2,.. The value of ¢2,,.
is determined from the equality g2, = s —21/8Fcyt. From
the condition ¢2,,, > 4m2, the lower limit of the integra-

tion in (40) is found to be smin = (Eeut +/4m2 + E2,,)?

The upper limit in (40) is replaced by a finite $yax. The
value of Spayx is chosen Spyax = 1.5 GeV?2, which is about of
O(m?), the upper limit of the applicability of ChPT with
p and a; mesons. The dependence of af*®7 on energy Eeyt
is shown in Fig. 5.

As follows from our calculations the additional con-
tributions to aﬁad” stemming from ChPT are very small
compared to the SQED result. This is in line with the con-
clusion of [21]. Even for the relatively large cut-off energy
FE.ui = 200MeV the full result in ChPT differs from the
sQED result only by 3.5%. For that reason the solid and
dashed lines in Fig.5 almost coincide. At the same time
with increasing photon energy sQED begins to loose its
predictive power. This is demonstrated in Fig.6. In this
region of energies the contribution from the a; meson is
considerable and has to be taken into account. For exam-
ple, at a photon energy about 500 MeV the deviation from
SQED reaches 60%. However such a deviation (which is of
the order of 107'2) is beyond the accuracy of the present
measurements of the muon AMM.

5 Conclusions

In this article the FSR of a hard photon in the ete™ —
777~ reaction has been considered in the framework of
ChPT with vector p and axial-vector a; mesons. The re-
spective Lagrangian generates effective O(p?) chiral terms
and, as substantiated in [14], is adequate for the descrip-
tion of processes at energies up to about 1GeV.

Our consideration of FSR is motivated by the necessity
to study the model dependence of the hadronic contribu-
tion a4 to AMM of the muon. We have demonstrated
that this dependence is weak, in particular, in the region
of energies up to s = 1.5GeV? the differences between
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predictions of ChPT and sQED are very small compared
to the present experimental accuracy. In general, the de-
viation of ChPT from sQED increases with increasing the
minimal photon energy FE.,;. However this deviation be-
comes essential only if the energy of the photon exceeds
400MeV, in the region where a}*®" itself is beyond the
existing experimental precision. To observe such effects
the experimental accuracy has to be increased by at least
one order of magnitude.

In fact, this small deviation is not surprising. Firstly, at
fixed value of s the low-energy photon region is described
similarly in both models and, as follows from the calcula-
tion, this region dominates in azad”. Secondly, the main
contribution to the integral over s in (40) comes from the
region of the p-resonance, which is accounted for in the
same way in sQED and ChPT through the VMD model.
Therefore, the integral a]ﬁadﬁ is not sensitive to the chiral
dynamics (see also the discussion in [21]).

The developed approach has also allowed us to inves-
tigate the C-odd asymmetry of the cross section caused
by the ISR-FSR interference. In general, measurements
of the asymmetry can test the FSR amplitude. We con-
sidered radiation of the photon at the small angle relative
to the direction of the electron momentum, 6 < 6y = 7°.
In these conditions the absolute value of asymmetry is
of the order of §3 ~ 1072. According to our calculations
the difference between sQED and ChPT shows up only
at the high photon energies w > 0.3 GeV. For the smaller
photon energies the difference is less than 1%. Since the
asymmetry itself is less than 1072 for the selected collinear
kinematics the experimental observation of this difference
in the energy region w < 0.3GeV is problematic. Thus
the model dependence of the asymmetry can experimen-
tally be observed only at g2 close to the threshold region,
4m3r < ¢% <0.4GeV2

In our view, the photon FSR from the two-pion channel
in eTe~™ — hadrons process shows the model dependence
only near the two-pion threshold where the photon en-
ergy is large. In the bulk of energies (0.4 GeV? < ¢% < s)
scalar QED is sufficient to describe the FSR contribu-
tion to a}:f‘d’"’ and the C-odd asymmetry. In that way our
results validate recent calculations [13] performed in the
framework of sQED.

It is plausible that the more complicated many-particle
channels are more sensitive to the chiral dynamics. An-
other possibility to test chiral models is the region of the
space-like photon momenta (Q? < 0). In particular, the
virtual Compton scattering on the pion, e~ 7%+ — e~ 7%,
allows one to obtain information on the pion polarizabili-
ties (see, e.g., [22,16]).
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reading the manuscript and valuable suggestions. We thank
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Appendix A: General form of FSR tensor

The amplitude of the reaction v*(Q) — (k) + 7 (p1) +
7~ (p—) depends on three 4-momenta, which can be chosen
as Q,k, and | = py — p_. Here Q = p; + p2 is the total
momentum of the eTe™ pair with Q2 = s = 4E2. For on-
mass-shell pions @ -l = k - [. In general, the second-rank
Lorentz tensor M*(Q,k,l) can be decomposed through
10 independent tensors [23,24]:

10

M™(Q,k,1) =Y QF(Q* K, Q k,k-1),
=1

Q8 = {g", Q Q" KMk 1M 1M Q,

QUIY MK KM, QUK kM Q¥ },

(A1)

where parity conservation is taken into account. The ten-
sor M* (Q, k,l) obeys the following properties:

M™(Q,k,1) = M™(Q, k, =) = M™(=k, =Q,1). (A.2)

The first equality follows from the charge
conjugation  symmetry of  the  S-matrix el-
ement (y(k), m* (p1 )7~ (p-)IS|7*(Q)) =

(y(k), 7 (p+ )7 (p=)[S|7*(Q)), and the second one
is due to the photon crossing symmetry: @@ < —k and
u <> v. Equations (A.2) impose certain constraints on the
scalar functions F;(Q?, k%, Q - k,k - 1).

The consideration below follows that of [24], where the
virtual Compton scattering v*(q)+7 " (p) — v(¢')+7 (p’)
with the space-like initial photon (¢ < 0) and real final
photon (¢’? = 0) has been studied in detail. Some of the
results for the reaction v*(Q) — v(k) + 7 (py) + 7 (p_)
can be obtained from the corresponding results of [24]
after the substitutions p* — —p”, p* — ph, ¢* — Q*,
q* — kM.

The gauge invariance conditions Q,M"(Q,k,1) = 0
and M*(Q,k, )k, = 0 lead to the five linear equations
between the functions F; in (A.1), and in the general case
of two virtual photons one is left with five scalar func-
tions (see (14) and (15) of [24]). We are interested in the
situation, where the final photon is real, i.e. k2 = 0 and
k¥e!, = 0 (€, is the polarization vector of the final photon),
while the initial photon produced in ete™ annihilation is
virtual with Q2 > 4mfr. In this case one obtains

M™(Q k1) = =ie> (" fu + 74" 2 + 74" )
= fieZM}l;V(ka,l), (A.3)
with the gauge-invariant tensors
o = kQ — 9"k Q, (A4)

=k U(1PQY — M )+ 1Y (kP — 1Mk - Q),
Y = Qg kL= ) + QUK Q = Qk - 1),

The scalar functions f; = fi(Q?% k- Q, k1) are either even
or odd with respect to the change of sign of the argument
k-l

f12Q%k-Q k1) = +f120Q% k- Q,—k 1),
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f3(Q2;k'Q7k'l) = 7f3(Q23k'Q77k'l)' (A5)
The factor —ie? in (A.3) is included for convenience. It
thus follows that the evaluation of the FSR tensor amounts
to the calculation of the scalar functions f; (i = 1,2,3).

Appendix B:
Chiral Lagrangian for pseudoscalar, vector
and axial-vector mesons and photon

We choose the O(p?) chiral Lagrangian derived by Ecker
et al. [14], which contains vector mesons and axial-vector
mesons. It includes the interaction of pseudoscalar, vector
and axial-vector mesons and photons. The explicit form is
given in [14]:

1
L= ”Tr(DMUD“UT U+ X1U) = S F P
1 v _ 1 nv
= oI (VALY — oml VY
1 v v
_ 2 (vAAM V, AP — QA,WA“ )
» iG’V v
+ 2\[ Tr(Vu f17) + WTI‘(VMVUMU )
Fy
s T ), B.1

where U = exp(iv2®/f,), ¢ describes the SU(3) octet
of the pseudoscalar mesons, V,,, (A,,) is the antisym-
metric field describing the SU(3) octet of the polar-vector
(axial-vector) mesons, and F*” = 9/ BY — 0¥ B* is the EM
tensor, where the photon field is denoted by B*. Further,
fr, Fv, Gy, Fa are constants, whose numerical values are
specified in Sect.4. For more details on definitions and
notation see [14].

For treating the process v* — w7~ at tree level it is
sufficient to keep in (B.1) the terms containing the neutral
meson p°(770), and the charged mesons ai (1260) and 7=,
as well as the photon. We obtain

L=ieB*(n~ 0ynt — 7 0,mn) + B, B'rtn™

Fy ..o rto—
g (1 B
+ G (OHrtd'n™ — OFr=0"nT)
i— 72 p;w mto'n o'
Fu
—|—1e—F‘“’(a1W7r —al_Wer)

2/
Pl B (10 nT 4 a0 )

—BY(atotn™ +m- 0" T)].

+e
(B.2)
The Lagrangian (B.2) leads to the Feynman rules dis-

cussed in Appendix C. The diagrams contributing to the
~* — wtm v reaction at tree level are shown in Fig. 2.

For the general case of two virtual photons we obtain the
FSR tensor M}":

1
Mg = ——~——T"(Q —p—,p )" (py,p+ + &
F QQ*ZQ']D_ ( ) (+ + )
L F2 - 2F,Gy
+ (p+ < p-) —2¢" +Vﬁ

1 1 3y »
X (m%—Q2+m§—k2>(gu k.Q—kuQ)

2Fyv Gy 1 VA9 v
- f‘,% [mg_QQ(gu Q _QMQ )
1 V1.2 v
+ W(g“ k* — KMk ):|
2
+ s l( Q- Q)
1
+

m2 — (Q —p-)?

x [(k+p ) (k-Qk+py) —k-(k+p)Q)

— Q- (k+p )k (k+py)” —k-(k+pg)g")]
+(p+ <—>p—)] (B.3)

where the EM vertex for the off-mass-shell pion (with ini-
tial p; and final p; momenta) is

I'"(py,pi) = (pi +ps)*
fQ(FViGV)Km )t — (- p?),
T=pr—pi. (B.4)

Note that Lagrangian (B.1) was applied in [16] in calcu-

lation of the Compton tensor for y*7 ™ — v*7+.

Appendix C:
Feynman rules for ChPT Lagrangian
Following [14] we describe the vector (axial-vector) meson

by the antisymmetric tensor field that corresponds to the
following form of the propagator:

i
M2(M? — ¢2)

) +9"¢°¢" — g

AP (g) =

av, 3

x [g*g?" (M?* — ’q"

~(a e A, 1)

where M is a mass of the vector (axial-vector) meson.
The vertices corresponding to the ChPT Lagrangian
from Appendix B are listed in Fig. 7.

Appendix D:
Expressions for functions h ,

The functions h; and ho of Sect. 2.2 can be written as
hi = BE¥P 4 Ah,, (D.1)
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Fig. 7.

where hZS-QED are determined from the following equations Cs
(11 [(m2 = m2)(r — k- Q) + *EHE"

WP (k- q)° = AmE| Fr (Q*)P[3¢% — (¢° +2m2) L] (D:2) 4 4ReFy(s)

s s 16mE| Fr (Q?) )
2thED - thEDQ2 - n(g)c . C;)Q ) (D.3) fQ* —ar4+2m2L, ( —[+a
2
X {(k~Q)2+ (Cim2> (—¢* + (¢* — 2m? )Ll)] y 2(m2 —m2)(r —k-Q)+2m2r + k- Q(m2 —m2)>
(mg —mZ)(r—k-Q)
. 4m2\'/? 11+
with ¢ = (1 ;’;) and L = ¢ lny— g _ <4(r;2(_;t)% )_(/Z g)) Lom2g?
From (32)7.(34) we obtain the equation for Ahy and “ T
A e AT 2 = m2)(r + 207 — - Q)) — } . (4
1— 2
= 2n¢ {01 + 221(3
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where

C1=2(k-Q)*f%+af(2¢%k - Q + rQ?)
L2k Q) o),
Gy = af (k- Q)*(Q*+ 4k - Q + 4m?)
+ 2k Q(Q2 +2k - Q)r + Q*r?}

2
+ %{(k -Q)*[8mE 4+ 2m2(Q* + 6k - Q)
+k-Q(20Q% +5k - Q)]
+ 2k - Qr[—¢*Q* + 12k - Q(m2 + k- Q)]
—2%[Q* + m2q® + k- Q(Q* — 11k - Q)]
—4Q*? — 3t}

Cs = (ism?
+2m2(—Q* 4+ 6k - Q) +5(k- Q)* + Q*)(k - Q)*
+ 20k QIQ" + 2Q%k - Q + 4(k - Q) + 4m2 (k- Q)]

+ QY+ 8Q%k - Q + 2(k - Q)% + 2m2¢?]
+4Q%r3 —|—7‘4},

(D.5)

(D.6)

(D.7)

Aha(k - Q)* = 5
X {q2 (W + 8ReFﬂ(s))
n 16(k - Q)*m2ReFy(s) I

(m2—m2)(r—k-Q)

{311 (mz —m2)(r — k- Q) +2(k- Q)*(¢* +2m3)
drk - Q

xa(mg —mz)

+ 8ReF,(s)
r(@®(m2 —m2)(r — k- Q)+ 4(k - Q)*m2)
) }L}
2

2k-Q(r — k- Q)(mg —

1. r+&k-Q
Ly=-In———= = - —k-
2 {nr—£k~Q7 r= m m Q,
_ M
mg [
F2 —2FyGy (1 1
_ A T S )
/ JE: m%+mz—s—impf’p (D.8)
Appendix E:

Kinematics of the 3-particle final state

Solving energy-momentum conservation for the pion en-
ergy F. in (16) requires some care. Firstly, notice that the
energy of the photon at fixed CM energy /s = 2F varies
within the limits 0 < w < wypax = E—m?2/E. Secondly, by
requiring positiveness of the expression under the square

root in (16) at arbitrary cos 6.4, we get the conditions

2E(E —mgy)
- 2F —m, '
2E(E +mg)
2E +m,

(E.1)

W > wy =
Clearly wi > Wpax and w— < wWpax. Thus the restric-
tion for the photon energy is 0 < w < w_. The corre-
sponding invariant mass of the 717~ pair is 4E? > ¢% >
4E?m./(2E — my) ~ 2Em,,.

The requirement 0 < w < w_ coincides with the con-
dition that the energy conservation law in (14) leads to
one solution for F, namely the one in (16). In the other
case, if w_ < w < wmax, the situation becomes more com-

plicated: there appear two solutions Eg__) and ES_‘H, which
differ by the sign in front of the square root in (16). Cor-
respondingly one has to sum over two terms in (14) corre-
sponding to these solutions. Besides, the angle 6., in this
case is limited by the value

4EB(E — w)[E(E — w) —m2]

us

(sin? 0, 4 Jmax = (E.2)

m2w?
For these values of photon energies each angle 6, in the
laboratory frame (CM frame for colliding ete™ beams)
corresponds to the two different angles between momenta
of 7™ and v in the 777~ CM frame. Here we refer to the
monograph of [25] (chapter III), where these aspects of
kinematics are considered in detail.

Appendix F:
Contribution to FSR from pT — 7%~ decays

The diagrams with intermediate charged p meson can be
obtained from the 3rd row of diagrams in Fig.2, if al
meson is replaced by p* meson. We choose the chlral La-
grangian, describing the odd-intrinsic-parity sector, in the
form [17]

LY) = Hy€uagTr (Vi {u”, ££7})
2v/2e Hy

~ —TeuyaﬁFaﬁp_'“aVﬁ (Fl)
in the vector formulation for the p meson field, where
€uvap is the totally antisymmetric Levi-Civita tensor

The constant Hy can be determined from the p* —

7ty decay width I'(p™ — 7F7) = 68.7keV [19]. From
(F.1) one finds
4am3H2 m2 3
I'(p* ty=— V(1 _r F.2
(p™ = 7=y 3712 ( mﬁ) (F.2)

and thus Hy = 0.0363.
The corresponding contribution to the invariant func-
tions of Sect. 3 takes the form

+  8H?
Aff = 9f¥
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Fig. 8. Charge asymmetry as a function of pion polar angle
for s = 1GeV?2. The solid (dotted) line corresponds to the
tensor (vector) formulation for p meson, the dashed line to the
calculation without p — 7y contribution

X [(k-Q+12) <ctz>+0(11)>

1 1
G =)
& 8HZ [ 1 1
Aff = 9f,%v (C(l) + C(_Z)>, (F.4)
ot 8HY (1 1
s’ =55 (ew - acn) 9

where C(+1) = m2 — (k + p+)? — im, [, ((k + p+)?) with
(k+ps)? = (Q*+1%+2k-Q+4k-1)/4.

If we choose the antisymmetric-tensor field formulation
for the p meson as was done in the rest of this paper, then
the Lagrangian, which is equivalent to (F.1) on the mass
shell, reads

L(T) _ \/ievap
3fx

+
For this Lagrangian the functions A f§,3 are the same as

in (F.4) and (F.5), while Aflpir differs from (F.3) by an
additional term,

SuY =

€uvap P R, (F.6)

+ + 64H‘2/
(Af7 ) = A7 + 972

According to our calculations, at invariant masses from
the two-pion threshold to ¢? ~ 0.4 GeV? the p — 7y con-
tribution to the charge asymmetry may be of the same or-
der as the a; — 7y contribution, if the tensor formulation
for the p meson field is applied (see Fig.8). For the higher
values of ¢? the considered mechanism is suppressed with
respect to other contributions.

Regarding the seeming difference between vector and
tensor formulations, we should note that, as argued in
[17,26], the effective Lagrangians in the two formulations
would become equivalent if the Lagrangian in the ten-
sor formulation included an additional local term. Appar-
ently the contribution from this local term to the functions

(F.7)

Affi would cancel the term 64HZ/(9f2) in (F.7) mak-
ing the charge asymmetry independent of the formulation
for the p meson field. Therefore we can conclude that the
contribution of the v* — pTnF — 77~ process to the
asymmetry is very small at all two-pion invariant masses.
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